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SUMMARY

This paper deals with a critical evaluation of various finite element models for low-viscosity laminar
incompressible flow in geometrically complex domains. These models use Galerkin weighted residuals
UVP, continuous penalty, discrete penalty and least-squares procedures. The model evaluations are based
on the use of appropriate tensor product Lagrange and simplex quadratic triangular elements and a newly
developed isoparametric Hermite element. All of the described models produce very accurate results for
horizontal flows. In vertical flow domains, however, two different cases can be recognized. Downward flows,
i.e. when the gravitational force is in the direction of the flow, usually do not present any special problem.
In contrast, laminar flow of low-viscosity Newtonian fluids where the gravitational force is acting in the
direction opposite to the flow presents a difficult case. We show that only by using the least-squares method
in conjunction with C!-continuous Hermite elements can this type of laminar flow be modelled accurately.
The problem of smooth isoparametric mapping of C! Hermite elements, which is necessary in dealing with
geometrically complicated domains, is tackled by means of an auxiliary optimization procedure. We
conclude that the least-squares method in combination with isoparametric Hermite elements offers a new
general-purpose modelling technique which can accurately simulate all types of low-viscosity incompressible
laminar flow in complex domains.

KEY WORDS Galerkin method Hermite, Lagrange and simplex finite elements Mixed UVP  Continuous and discrete
penalty Least-squares method Low-viscosity laminar flow

INTRODUCTION

From an experimental point of view, low-viscosity laminar flow is often difficult to generate and
maintain. This type of flow, however, occurs during membrane filtration of slurries and in metal
casting and thus its study is needed. In this paper we aim to show that despite the apparent
simplicity of this type of flow, which can generally be considered as Newtonian, the numerical
modelling of it is not a trivial task. In particular, when the flow has a vertical upward direction
and the fluid viscosity is small enough to make the opposing gravitational force significant, it
is very difficult to obtain accurate solutions. This is similar to the findings of other investigators
concerned with the numerical modelling of buoyancy-driven flows and the upward flow of
low-viscosity fluids in moving boundary problems such as metal-casting processes. These
workers have made remarks about the lack of a general-purpose foolproof method in dealing
with such flow situations.' In some cases they have devised ad hoc methods to deal with the
gravitational force in the dynamical equations.?
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The low-viscosity laminar flows considered in this work are not creeping Stokesian regimes
and therefore a valid mathematical model for them should include the convection terms in the
governing equations of motion. The resulting non-linearity precludes any analytical solution of
the model even for cases where the flow domain geometry and boundary conditions are very
simple. For a long axisymmetric pipe, however, the exit velocity profile can be considered as
developed and numerically obtained solutions for this section can be compared directly with
the analytical velocities. We present a test case where we can compare the numerically simulated
exit velocity profiles and the flow domain pressure field with the analytical exit velocity and
hydrostatic pressures. These comparisons are used to evaluate the accuracy of various scheme—
element combinations which produce stable results for the flow regime under study. The inclusion
of thermal effects does not alter the conclusions of this work and thus we consider isothermal
laminar flows.

MATHEMATICAL MODEL

The steady isothermal flow of an incompressible Newtonian fluid is governed by the following
equations of continuity and motion:

fi=V-v=0, (1)
Jo=pv-Vv—-V-T—g=0, (2)

where v is the velocity vector, p is the density, T is the total stress tensor and g is the body
force vector. The total stress T is given by

T=—pd+r, &)

where p is the pressure 8 is the unit second-order tensor and t represents the deviatoric stress.
For a Newtonian fluid the deviatoric stress is expressed as

T =214, )
where 7 is the Newtonian viscosity and A is the rate-of-deformation tensor given as

A =HVv+WT). (5)

Weighted residual statement of the model equations

The prime unknowns in the model equations are replaced by approximate trial function
representations ¥ and T and the resulting residuals are weighted and integrated over the solution
domain Q to yield?

f wV-¥dQ =0, j w(pV Vi~ V- T —g)dQ =0, 6)
Q Q

where w is an appropriate weight function. The trial functions are expressed in terms of basis
functions N; and cardinal co-ordinates as

V=Y Nv,, ™M
T=3N,T; @)

In the finite element context the interpolation functions will represent the basis functions and the



A NEW GENERAL-PURPOSE LEAST-SQUARES FINITE ELEMENT MODEL 217

nodal values of the variables will be the cardinal co-ordinates. For simplicity of writing we drop
the “ ~’ sign in the following equations. Application of Green’s theorem (integration by parts)
to the stress term in equation (6) gives

f wpv-Vde+f Vw-TdQ-—j wT-ndF——J wg dQ =0, 9
Q Q r Q

where I' is the boundary surrounding Q and » is the unit outward vector normal to T.
Substituting for T in the second term of equation (9) from equation (3) gives

f wpv-Vde+J. Vw-tdQ—f Vw-ﬁde—f wng=J wI-ndrl. (10)
Q Q Q Q r

We use the prescribed inlet velocity profiles together with the no-slip solid wall and stress-free
exit conditions as the boundary data in the present study. Thus the general form of the boundary
conditions used is

v=v, onT, (inlet), T-n=0 onT, (exit A line of symmetry),
v, =v, =0 on I';(walls),
where
ryovr,ul;=T.

In the standard Galerkin method used here the weight and interpolation functions are identical.

Least-squares statement of the model equations

Replacing the prime unknowns in the model equations with the approximate representations
in terms of trial functions, we obtain residuals. We then square and integrate these residuals
over the solution domain to develop a functional statement as

G[(¥), p] = J [(res £7 + kires f,)*]dQ, (11)
Q

where the index i refers to individual components of the tensorial variables with summation
over the repeated index. The constant k is used to make the above statement dimensionally
consistent. Minimization of the functional (11) leads to the working equations of the least-squares
scheme.*

Finite element schemes

The Galerkin weighted residual methods used are as follows.

Mixed UVP formulation. In this scheme the working equations are based exactly on equations
(6) and (10). The only important factor to consider is that for an incompressible flow the selected
element discretization should be such that the BBL condition is satisfied.®> Thus we have used
isoparametric Taylor-Hood and Crouzeix—Raviart C%-continuous elements of tensor product
or quadratic triangular simplex type® in this scheme.

Continuous penalty formulation. In this scheme the pressure in the working equation (10) is
replaced by

p=—iV-y, 12)
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where 4 is a penalty parameter.® This results in a compact formulation in terms of the velocity
components and the pressure should be calculated after obtaining the velocity field via
variational recovery.” We have used isoparametric C°-continuous quadrilateral and triangular
elements in this formulation with a selectively reduced integration procedure where the penalty
terms are evaluated with a higher degree of approximation.

Discrete penalty formulation. In this scheme the penaity equation (12) is initially discretized
and then, using this discretized form, the pressure is eliminated from the set of working
equations.® This again results in a compact formulation and the pressure is calculated separately
using the solution obtained for the velocity field. This approach can most conveniently be
adopted if the type of elements used allows a discrete elemental mass matrix inversion during
the process of elimination of the pressure from the equations. Therefore we used C°-continuous
isoparametric Crouzeix—Raviart-type elements in this scheme.

Least-squares formulation. Using the finite element discretization, we develop the working
equations of this scheme in terms of the nodal values of the variables and the associated
interpolation functions in the r-z co-ordinate system. These working equations are expressed as

G N; 1
= 2lif2'<pv'VN.l—rlANl+”_21)+kf1<Nl"+‘Nl>:|dQ=0’
ov; Ja r r
0G '
—— =1\ 20[f2pv*VN; —3AN)) + kf\N; ,] dQ = 0, (13)
ov;;  Ja

G [
5_ = 2(fZ"IVj.r'{"sz]Vj.z) dQ =O,

Pi Ja

where
2 19 02
A=—+ + (14)

it et o
is the Laplacian in the cylindrical co-ordinate system and the measure of integration is given by
dQ = rdrdz.

The set of equations (13) comprises the basic working equations in this scheme. The existence
of second-order derivatives in these equations makes it necessary to use C!-continuous elements
in the least-squares formulation. Complications associated with the use of C' elements have
been considered as a drawback for this scheme in the past.® In this paper we present a method
for the development of isoparametric C!-continuous Hermite elements which cope with the
continuity requirement of the least-squares scheme as well as being very effective in dealing with
domains with curved boundaries.

Four-node isoparametric C'-continuous Hermite element

The basic procedure for the development of the Hermite elements used in this work consists
of the following steps.

(i) A topological equivalent of the real domain using square elements is constructed in which
the number of elements and nodes and the element connectivity remain the same as in the
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solution domain. We define a local co-ordinate system ¢—n within each square element. We refer
to these elements and their Jocal co-ordinate system as the master elements and master
co-ordinates respectively.

{i) We construct an intermediate stage of mapping based on bilinear isoparametric shape
functions between the master elements and the solution domain as if the latter is comprised of
C° quadrilateral elements. This mapping is expressed as

=Y N, X, =Y N, 7, (15)
1 I

where N, are the bilinear shape functions and X, and Y, are the nodal co-ordinates in a global
co-ordinate system defining the intermediate stage of mapping (Figure 1). The purpose of this
stage is to establish a one-to-one relation between the master and solution domains. It must be
noted, however, that this mapping is continuous but not sufficiently smooth. Later in this section
we show that the construction of isoparametric C! elements requires smoothness as well as
continuity.

(iii) For the four-node elements chosen here there are four degrees of freedom per node. These
degrees of freedom represent a given function V, the first derivatives of the function with respect
to & and 5 and the second-order mixed derivative of the function. Therefore altogether we need
to construct 16 interpolation functions to define the element. The 16 bicubic interpolation
functions associated with a four-node rectangular Hermite element in a local co-ordinate system
¢ and n are easily obtained via the tensor products of one-dimensional Hermite interpolation
relations in terms of single variables.® Therefore within such an element a function V(Z, n) can
be found as an interpolant given by

V(g m =N 1) V. (16)

Here ¥, is the nodel degree of freedom vector and N(¢, ) are the tensor product interpolation
functions defined as

R, ) = M(¢) © M(n) (17)

|? & optimibation I
& prtfcedure
i
F(g,9) = ‘ X

Figure 1. Construction of C' isoparametric mapping in curved domains
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where M(&) and M(y) are one-dimensional Hermite shape functions. The 16 shape functions
described above are represented as

N=[N,I=1,...4i=1,..,4] (18)

where I is the index for node numbers and i is the index for degrees of freedom. These shape
functions fulfil the necessary requirements of linear independence.'®

(iv) The final stage of construction of the isoparametric C' mapping is based on the definition
of interpolation relations given by

x=Z,:ZN“X“’ y=2’:ZNn‘Ym (19)

where N,; I =1,...,4,i=1,...,4) represent the previously constructed Hermite shape func-
tions, x and y are the global co-ordinates in the real domain (Figure 1) and X;; and Y; are the
nodal degrees of freedom with respect to the global co-ordinate system. These are defined by

X' = X5 X 555 Xots Xognrs o1 Y = [.5vn v Yo Voers- ) (20)

Equations (19) involve C' Hermite shape functions and therefore describe a smooth mapping,
but so far it is uncertain whether they give a one-to-one relation between the master and global
domains. Since such a relation has already been given in terms of bilinear elements, it is evident
that by minimizing the difference between these two mappings we may achieve this goal. This
is done by an optimization process based on minimization of the functional

HOLY) < } f J [ = 9 4+ (xe = .07 4 (xy = £ + (x5 — £ 00
a

= Q=T =T+ Ve~ T 1dE dn. (21)

This leads to the construction of a set of linear algebraic equations in terms of the nodal values
of geometrical functions and their derivatives (i.e. X and Y). After insertion of the properly
defined co-ordinates and derivatives at the external boundary nodes, this set becomes determi-
nate and its solution provides nodal values at the internal grid points. At the external nodes
the geometrical function values are found by the mollifier relation'®

X = ‘L Nnii.k d¢ d’?/Li Nn d¢ dn. (22)

The use of these boundary values ensures that the obtained geometrical functions define a
mapping image which closely represents the computational domain.

(v) The described isoparametric mapping gives relations between the master and real
computational domains. These can be written as

x = x(¢, ), y =y n. (23)
The corresponding shape (interpolation) functions are defined as
N'(x, y) = NT(&(x, y); n(x, y)- G, 24)

where &(x, y) and #(x, y) are the inverse of the mapping relations given by (23) and Cis expressed
as
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1 0
Xy
Xy
1
C= 1 (25)
xPy®
Xy
0 1

which results from the construction of relations between the first-derivative degrees of freedom
in the master and global co-ordinate systems. There is no need to relate the local and global
values of mixed derivative degrees of freedom, because these derivatives are never given as
boundary conditions. The solution of the model equations can be effectively carried out by
maintaining these degrees of freedom at the local level. In other words, in any given problem
the values of the function V(x, y), the first derivatives V (x, y) and V (x,y) and the mixed
derivative of the type V,(x, y) at the nodal points are sought as the necessary solution.

The first-order derivatives of the shape functions with respect to the global co-ordinates are
given as

N’I‘

NT = [é.xn,x]{ﬁ‘f}c (26)
NT

N = [é,m,y]{Nf}C @27

The C?! continuity of the transformation implies that the inverse mapping is smooth and thus
the derivatives of the shape functions with respect to the global co-ordinates are continuous.
This in turn guarantees that the shape functions themselves are smooth. The second-order
derivatives of the shape functions with respect to the global co-ordinates, which are necessary
for the least-squares formulation, are found using the chain rule and are given as

N'xx = N.{{(é.x)z + 2N.§n€,xn,x + N.rm(r,,x)z + N,éé,xx + N.nr’,xx’
N.xy = N,{{é,xé,y + N,:r](é.xn.y + é.yn.x) + N.myn,xr’.y + N,{é.xy + N.r]n,xy’ (28)
N, = N.éé(é.y)z + 2N.€n€.y'7-y + 1\7_,,,,(17',,)2 + N,Cé»w + N.n”-yy'

Details of the derivation of the first- and second-order derivatives of the inverse transformation
(ie. &, &,,, etc.) have been published previously.!! The isoparametric Hermite shape functions
described above are linearly independent since the transformation is one-to-one and they are
smooth because the isoparametric mapping is smooth.

COMPUTATIONAL RESULTS AND DISCUSSION

Upward flow of water in a vertical pipe of 0-05 m diameter and 1 m length is chosen as the test
problem. The boundary conditions in this problem are a given plug flow inlet velocity of
0-01 ms ™!, zero radial velocity at the exit and no-slip wall conditions. For the least-squares
method, because of the use of Hermite elements, first-order derivatives of the velocity components
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should also be specified. For the test problem the values of these derivatives on the domain
boundaries are zero.

The prescribed zero radial velocity at the exit of this long pipe corresponds to a developed
axial velocity profile at this section. This enables us to compare our computed exit velocities
with the analytical results. We can also compare the numerically obtained pressure fields with
the expected hydrostatic head for this problem. The Reynolds number for this flow is 500 and
the convection terms in the governing equation of motion are significant, so the test problem

Table 1. Comparison of simulated and analytically obtained exit velocities and of the calculated pressure
drop with the hydrostatic pressure

Mesh of 100 quadrilateral Mesh of 200 triangular
elements elements
Water Higher viscosity Water Higher viscosity
n=10"3Pas n=1Pas n=10"3Pas n=1Pas
Error (%) Error (%) Error (%) Error (%)
Scheme v, U, p v, U, P v, U, P v, U, p

1t Continuous penalty bi-
quadratic Lagrange elements;
Mesh refined near the wall >50 1 1 1 >50 1 1 1
(standard Galerkin)
2 Continuous penalty bi-
quadratic Lagrange elements;
uniform mesh S 1 5 1 S 1 5 1
(standard Galerkin)
3 Discrete penalty bi-
quadratic Crouziex—Raviart
element with rotated three-
node discontinuous pressure 1 S 1 5 — — — —
sampling; mesh refined
near the wall
(standard Galerkin)
4  Discrete penalty bi-
quadratic Taylor-Hood
element with four-node
discontinuous pressure 5 1 5 1 — — — —_
sampling; mesh refined
near the wall
(standard Galerkin)
5 UVPI biquadratic Crouziex—
Raviart element with rotated
three-node discontinuous
pressure sampling; mesh >50 1 5 1 — — — —
refined near the wall
(standard Galerkin)
6  UVP2 biquadratic Taylor-
Hood element with four- or
three-node continuous
pressure sampling; mesh
refined near the wall >50 > 50 <0.2 <02 >50 >50 <0.2 <02
(standard Galerkin)
7  LSQ-isoparametric
Hermite element; mesh <02 <02 <02 <0.2 — — — —
refined near the wall
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{p=0.0

- g1°0

v,=0.02 m/s
0.01 ¢v_ < 0.0 m/s

Figure 2. Flow domain dimensions and prescribed boundary conditions. Inlet velocities are chosen to be parallel to the
element boundaries
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represents a truly non-linear case. In order to show that the computational results are
significantly affected by the fluid viscosity, we repeated the simulations for a similar flow regime
with a higher viscosity of 1 Pas.

Our conclusion is that except for the least-squares—Hermite element scheme, all methods fail
to produce an acceptable velocity or pressure field for the vertical flow of water with opposing
gravity. We found that as the fluid viscosity increases, the problem becomes easier and other
schemes such as Galerkin weighted residual mixed UVP in conjunction with Taylor-Hood or
triangular simplex elements also give very good results. This can be attributed to the fact that
as the viscous forces in the equation of motion increase, the gravitational force becomes less
significant. In Table I a summary of all our stable results for the test problem is given. The
errors indicating the measure of accuracy of different scheme-element combinations are found
on the basis of the previously described comparisons with analytical data. Except for the

il

Figure 3. Coarse mesh of 28 four-node Hermite elements
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least-squares method, all schemes produce much worse results (by as much as 20%) if only the
near-solid-wall nodes are considered.

The dimensionality constant (k in equation (11)) in the least-squares method is found by trial
and error. A value between 10° and 10'° is usually used. The best value for this constant in our
test problem is 107, The use of such a large number makes the stiffness equation of the scheme
ill-conditioned. In order to overcome this difficulty, we have applied a selectively reduced
integration to evaluate terms multiplied by this constant. This is analogous to the treatment of
the penalty parameter terms in the penalty methods. It can be shown, however, that while in
the case of the penalty methods the use of selectively reduced integration is a must, for this
situation it is only a preconditioning measure. Severely ill-conditioned stiffness matrices are
encountered in all schemes which use the discontinuous three-node Crouziex-Raviart element.
We found that a modification of the original element configuration based on 45° rotation of the

////,
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Figure 4(a) Computed velocity field Figure 4(b) Computed pressure field
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pressure-sampling nodes with respect to the local £ n co-ordinate system resolves this difficulty.
The described least-squares—isoparametric Hermite element scheme is a robust method and can
deal with flow domains with curved boundaries. In order to illustrate this, we applied the model
to simulate the vertical flow of water in a converging—diverging annulus with a given irregular
inlet velocity profile. The isoparametric mapping of four-node Hermite elements even for a
relatively coarse mesh with 28 distorted elements gives very reasonable results. The flow domain
dimensions and prescribed boundary conditions are shown in Figure 2. In Figure 3 the finite
element mesh used and in Figure 4(a) the corresponding computed velocity field are shown. In
Figures 4(a) and 4(b) additional velocity and pressure values at centre nodes (which are not
originally present in a four-node element discretization) are found by using interpolation
procedures. The computed pressure isobars shown in Figure 4(b), except for an expected minor
deviation at the exit section, correspond exactly to the hydrostatic pressure field representative
of a low-viscosity vertical flow.
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